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We study the laser-driven Dicke model beyond the rotating-wave approximation. For weak cou-
pling of the system to environmental degrees of freedom the dissipative dynamics of the emitter-
cavity system is described by the Floquet master equation. Projection of the system evolution
onto the emitter degrees of freedom results in non-Markovian behavior. We quantify the non-
Markovianity of the resulting emitter dynamics and show that this quantity can be used as an
indicator of the dissipative quantum phase transition occurring at high driving amplitudes.
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Introduction. Understanding the evolution of open
quantum systems that are coupled to the environment is
a challenging and important task in quantum optics [1–3].
Usually the most general representation of the quantum
dynamical semigroup in Lindblad form is used for the
theoretical description [4, 5]. Then the open system dy-
namics is governed by a Markovian master equation that
accounts for the decay of information from the system to
the environment [6–8].
In many realistic physical systems however, the Marko-
vian approximation fails to give an accurate picture of the
dynamics. As a consequence, a variety of analytical and
numerical approaches have been developed [9–15]. Nev-
ertheless, until recently, not even a rigorous definition
of quantum non-Markovianity was available which is in-
dependent of the specific representation of the system
dynamics. Meanwhile such a definition is given in terms
of the trace distance of two quantum states [14, 15]. The
idea behind is that a Markovian process always reduces
the distinguishability of any two states. The unique
property of non-Markovian dynamics is the increase of
the trace distance for finite intervals of time. In this
sense non-Markovianity is closely related to an informa-
tion flow from the environment back to the open sys-
tem [14–16].
A paradigmatic system for the theoretical modeling of
light-matter interaction is the Dicke model of two-level
emitters interacting with a cavity photon mode [17]. It
has been used to study spontaneous emission and super-
radiance [18–21], cooperativity and lasing [22–24], and
the emission of non-classical light [25–28]. In the regime
of strong emitter-cavity coupling, the standard scenario
of photon blockade is modified by two-photon cascade de-
cay significantly changing the statistics of emitted pho-
tons [28, 29]. Including an additional laser-driving of
the cavity, even the dynamic Stark effect can be ob-
served in the emission spectrum [30]. For a single emitter
and laser amplitudes larger than the emitter-cavity cou-
pling strength, a dissipative quantum phase transition
occurs, where the system undergoes dressed state polar-
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ization [31–34]. The counterpart in the limit of infinitely
many emitters is the superradiance transition [18, 19, 35].
In this Rapid Communication, we apply the concept
of non-Markovianity to the laser-driven Dicke model by
studying the dynamics of few emitters in the regimes of
strong emitter-cavity coupling and high driving ampli-
tudes. While the overall system dynamics can be de-
scribed with a Born-Markov master equation, the pro-
jection onto the emitter degrees of freedom yields a non-
Markovian evolution. The quantification of the non-
Markovianity provides us with a measure for the infor-
mation flow between emitters and cavity. We find driving
strength independent results over a wide parameter range
and show that the non-Markovianity change is an indi-
cator of the dissipative quantum phase transition at high
driving amplitudes.
Laser-driven Dicke system. The interaction ofN two-
level emitters with a single cavity photon mode is mod-
eled by the Dicke Hamiltonian (with ~ = 1) [17]
HD = ωca
†a+ωx
N∑
j=1
σ
(j)
+ σ
(j)
− +g(a+a
†)
N∑
j=1
(
σ
(j)
− +σ
(j)
+
)
.
(1)
Here, the operator a (a†) annihilates (creates) a cavity
photon with frequency ωc. Relaxation (excitation) of the
jth emitter with transition energy ωx is taken into ac-
count by the operator σ
(j)
− (σ
(j)
+ ). The emitter-cavity
coupling strength is g.
The Dicke system (1) is driven by an external
monochromatic laser of frequency ωd (see Fig. 1). We
consider a driving of the cavity mode (driving of the emit-
ters is obtained from a unitary transformation [32]) which
is described by the time-dependent Hamiltonian
Hd(t) = Ω(a+ a
†) cosωdt , (2)
where Ω is the drive amplitude. Hence, the total system
Hamiltonian,
HS(t) = HD +Hd(t) , (3)
has a periodic time-dependence, HS(t) = HS(t + Td)
with driving period Td = 2pi/ωd. We remark that
the counter-rotating interaction terms in the Hamilto-
nians (1) and (2) are necessary in the regimes of strong
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FIG. 1. Two-level emitters in a laser-driven cavity.
emitter-cavity coupling and high driving amplitudes such
that a transformation into a rotating frame is not ap-
propriate. Instead, we will use the Floquet states [36]
|ψn(t)〉 = e−int|φn(t)〉 for our analysis of non-Markovian
behavior, where n ∈ R are the quasienergies and
|φn(t)〉 = |φn(t+ Td)〉 are periodic wavefunctions.
It is known that a dissipative quantum phase tran-
sition (spontaneous dressed state polarization) occurs
at Ω = g if the counter-rotating interaction terms are
dropped from the Hamiltonian HS(t) and only a single
emitter is considered [31–34]. The neoclassical theory
presented in Ref. [33] can straightforwardly be extended
to situations with more than one emitter. In particular,
the semiclassical equations of motion in a frame rotating
with the driving frequency (in rotating-wave approxima-
tion) are
d
dt
α = −(κ+ ∆ωc)α− ig
N∑
j=1
βj − iΩ
2
, (4)
d
dt
βj = −i∆ωxβj + igαζj , (5)
d
dt
ζj = 2ig(α
∗βj − αβ∗j ) . (6)
In these equations α = 〈a〉, βj = 〈σ(j)− 〉, ζj = 〈σ(j)z 〉,
κ is a cavity loss rate, and ∆ωy = (ωy − ωd) for y =
c, x. Equations (5) and (6) conserve the length of each
pseudospin 4|βj |2 + ζ2j = 1 as well as that of the total
pseudospin 4|∑Nj=1 βj |2 + (∑Nj=1 ζj)2 = C. The possible
values of C are C = N2, (N − 2)2, . . . , c where c = 0
for even N and c = 1 for odd N . We are interested in
steady-state solutions to Eqs. (4)–(6). Throughout this
work, we assume resonance ω0 = ωc = ωx = ωd such that
∆ωc = ∆ωx = 0. Then, Eq.(5) requires either α = 0 or
ζj = 0 for each j = 1, . . . , N . Assuming α = 0, we find
N∑
j=1
βj = − g
κ
,
N∑
j=1
ζj =
√
C − (Ω/g)2 . (7)
At finite α, the phase transition to ζj = 0 occurs when
all ζj become imaginary. For N = 1 we have C = 1 such
that the critical point Ω = g is recovered [31–34]. In
the case N = 2, the states with C = 4 (triplet) show a
phase transition at Ω = 2g, while the states with C = 0
(singlet) are in the bimodal phase for every finite driving
amplitude Ω > 0. The impact of the counter-rotating
interaction terms, that couple states with different C,
will be investigated in the next section.
Markovian open system dynamics. In our approach,
dissipation arises from the coupling of the laser-driven
Dicke system to the environment. For a bosonic environ-
ment the interaction usually takes the form
HI = −iX
∑
α
λα(bα − b†α) , (8)
where X is a Hermitian system operator and bα are
annihilation operators of environment photons at fre-
quencies ωα with coupling constants λα. We choose
X = −i(a − a†) for the interaction of the cavity and
X = −i(σ(j)− −σ(j)+ ) for the interaction of the jth emitter
with the environment.
In the limit of weak system-environment coupling the
open system dynamics can be treated in the Markovian
approximation [1–3, 37]. The resulting master equation
for the system density operator ρS(t) becomes
d
dt
ρS(t) = L(t)ρS(t) , (9)
where L(t) for t ≥ 0 is the generator of a quantum
dynamical semigroup [4, 5]. The solution of the mas-
ter equation requires the choice of a computational ba-
sis. Note that the use of uncoupled emitter and cav-
ity states, yielding the quantum optical master equation
with energy-independent dissipative constants, is limited
to situations where the intra-system coupling is much
smaller than the natural system frequencies [1, 7, 28].
For the Dicke model (1) with zero driving (Ω = 0), the
master equation expressed in the photon-dressed emitter
states includes the regime of strong emitter-cavity inter-
action [6, 7, 27, 28, 38]. If the driving is finite (Ω 6= 0),
the coefficients of the master equation become time-
independent in the basis of Floquet states [30, 39, 40].
For the matrix elements ρm,n(t) = 〈ψm(t)|ρS(t)|ψn(t)〉 of
the system density matrix we obtain the two equations
of motion [30]
d
dt
ρn,n(t) =
∑
k,ν
χ(ωk,n,ν)|Xn,k,ν |2ρk,k(t)
−
∑
k,ν
χ(ωn,k,ν)|Xk,n,ν |2ρn,n(t) , (10)
d
dt
ρm,n(t) = −Zm,nρm,n(t) (m 6= n) . (11)
In these equations, ωm,n,ν = m−n+νωd is a transition
energy with ν counting the Fourier modes of the periodic
states
|φn(t)〉 =
∞∑
ν=−∞
e−iνωdt|φ˜n(ν)〉 . (12)
Accordingly, the transition matrix elements read
Xm,n,ν =
∑
µ
〈φ˜m(µ− ν)|X|φ˜n(µ)〉 , (13)
3and the coefficients of the non-diagonal equations of mo-
tion (11) are
Zm,n =
1
2
∑
k,ν
[
χ(ωm,k,ν) + iξ(ωm,k,ν)
]|Xk,m,ν |2
+
1
2
∑
k,ν
[
χ(ωn,k,ν) + iξ(ωn,k,ν)
]|Xk,n,ν |2
−
∑
ν
χ(νωd)Xm,m,νX
∗
n,n,ν . (14)
The functions χ(ω) and ξ(ω) are even and odd Fourier
transforms of the reservoir correlation function for a ther-
mal environment at temperature T , and are given by
χ(ω) =
{
γ(ω)[n(ω, T ) + 1] if ω > 0
γ(−ω)n(−ω, T ) if ω < 0 (15)
and
ξ(ω) =
{
Re Γ(ω + i0+)[n(ω, T ) + 1] if ω > 0
Re Γ(−ω + i0+)n(−ω, T ) if ω < 0 , (16)
respectively. In these equations, γ(ω) is the environment
spectral function, Γ(ω) is its analytic continuation into
the upper half plane, and n(ω, T ) = (eω/T − 1)−1 is the
thermal distribution function. Here, we assume the same
Ohmic spectral function γ(ω) = γω/ω0 for both, cavity
and emitter environments. The respective environment
temperatures are also identical.
As a first application of this formalism, we consider the
(unnormalized) Husimi function
Q(α) = 〈α|ρssc |α〉 (17)
of the stationary field state ρssc in the long-time limit,
that is commonly used to visualize the dissipative quan-
tum phase transition [31–33]. In Eq. (17), |α〉 is a coher-
ent state with the complex number α ∈ C. Evaluation
of the Husimi function allows us to determine whether
the phase transition still exists when the counter-rotating
terms are taken into account, as is required in the regimes
of strong emitter-cavity coupling and high driving ampli-
tudes. Because the state in the long-time limit keeps
oscillating with the driving frequency, we take ρssc =
limn→∞ Trx ρS(nTd) at the beginning of a modulation
period with Trx denoting the partial trace over the emit-
ter degrees of freedom. Figure 2 demonstrates a clear
bimodality for one emitter when the critical point at
Ω = g is passed. For two emitters, the Husimi func-
tion in Figs. 2(c)–2(e) exhibits a more complex behavior.
For parameters well below the critical point, the Husimi
function in panel (c) indicates a mixture of two states.
These states correspond to the two solutions of Eqs. (4)–
(6), i. e., to the triplet (C = 4) at α = 0 and the singlet
(C = 0) at α = −5i. Lowering the emitter-cavity cou-
pling strength at fixed driving amplitude, the weights for
the two states of the mixture change, see panel (d) of
Fig. 2. This changing is caused by the coupling of singlet
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FIG. 2. Husimi function of the stationary field state in the
long-time limit for N = 1 (a) and (b), and N = 2 (c)–(e).
The driving amplitude Ω = 10−2 ω0, the temperature T = 0,
and γ = 10−3 ω0. Note that the same dark color is assigned
to Q(α) ≥ 0.3 in the density plots.
and triplet states through the counter-rotating interac-
tion terms. Above the critical point Ω = 2g, the triplet
state at α = 0 shows the expected bimodality. We thus
conclude that the phase transition occurs also when going
beyond the rotating-wave approximation.
Non-Markovian emitter dynamics. A general mea-
sure for the degree of non-Markovian behavior in open
quantum systems was introduced in Ref. [14]. It is based
on the change of the trace distance,
D[ρ1(t), ρ2(t)] =
1
2
tr|ρ1(t)− ρ2(t)| , (18)
of two time-dependent states ρ1,2(t) = Φ(t, 0)ρ1,2(0). For
a given quantum process Φ(t, 0), the non-Markovianity is
defined as
N = max
ρ1,2(0)
∫
σ>0
σ[t, ρ1,2(0)] dt , (19)
where
σ[t, ρ1,2(0)] =
d
dt
D[ρ1(t), ρ2(t)] (20)
is the change of the trace distance between ρ1(t) and
ρ2(t). The quantity N in Eq. (19) measures the in-
crease in distinguishability of the two quantum states. If
one interprets the loss of distinguishability in a Marko-
vian process as a flow of information from the system to
the environment, the increase in distinguishability during
non-Markovian dynamics belongs to the inverse process,
where information flows from the environment back to
the system [14]. The use of the non-Markovianity N
is not limited to theoretical studies, but can be tested
experimentally without knowledge about the structure
of the environment or the interaction between system
4and environment [15]. It was used to analyze a possible
speedup of open system evolution [41].
The quantum process defined by Eqs. (10) and (11)
belongs to a dynamical semigroup and has the property,
that the distance between any pair of quantum states
monotonically decreases, i. e., it is a Markovian process.
Non-Markovianity manifests itself if the system dynamics
of emitters and cavity is projected onto a subspace. Here,
we are interested in the non-Markovianity of the emitter
dynamics obtained by performing the partial trace of the
total system density matrix over the cavity degrees of
freedom. In this case, the non-Markovianity N quanti-
fies the flow of information from the cavity mode to the
emitters which can be interpreted as a negative effective
dissipation for some intervals of time [14].
In the numerical computations we use γ = 0.01ω0 and
T = 0.05ω0. Additionally, a maximum number of 50
cavity photons and 110 Fourier modes are used for eval-
uating the Floquet states and we carefully checked that
the results do not change if these numbers are increased.
Let us first discuss the results for zero driving and a
single emitter (N = 1), see Fig. 3(a). They are obtained
through numerical integration of Eqs. (10) and (11) and
a subsequent projection onto the emitter degrees of free-
dom. The maximum over pairs of initial states ρ1,2(0) in
Eq. (19) is computed by preparation and propagation of
a sufficiently large sample of random initial states. Our
data provide strong evidence, that the maximum is al-
ways attained for the initial states
ρ1,2(0) ≡ ρ±(0) = 1
2
(|+〉 ± |−〉)(〈+| ± 〈−|) . (21)
This result is in contrast to the finding reported in
Ref. [15] for a two-level atom coupled to a vacuum reser-
voir, where the maximum is attained for the pair |−〉〈−|
and ρ+(0). Nevertheless, as shown in Refs. [13, 42], this
finding is wrong—the states (21) yield the maximum non-
Markovianity also in the model discussed in Ref. [15]. In
our case, the strong coupling to the additional cavity
mode and the small but finite environment temperature
leads to the increased impact of the coherences to the
overall non-Markovianity. Hence, the largest N is at-
tained for states, which have a maximum initial trace
distance and the highest possible non-diagonal elements.
This fact can be proven mathematically for any open
quantum system with a linear dynamical map Φ(t, 0) [43].
This prove remains valid here, because also the partial
trace over cavity degrees of freedom is linear.
The dynamics of the emitter is completely Marko-
vian if the emitter-cavity coupling is zero, that is, when
the system dynamics factorizes into independent emit-
ter and cavity evolutions. For finite emitter-cavity cou-
pling strength g 6= 0, the non-Markovianity becomes fi-
nite and increases almost linearly with g. The linear
increase is explained by the dispersions of the dressed
emitter-cavity states starting linearly for small coupling,
see Fig. 4. Deviations from the linear behavior are visi-
ble for g & 0.4ω0. This boundary should be significantly
smaller if the number of emitters is increased.
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FIG. 3. Non-Markovianity N without drive (Ω = 0) for (a)
N = 1 and (b) N = 2 as functions of the emitter-cavity
coupling g. Blue circles depict randomly drawn pairs of initial
states and red crosses mark the initial pair given by Eq. (21).
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FIG. 4. Eigenvalues of HD in Eq. (1) for (a) N = 1 and (b)
N = 2 as functions of the emitter-cavity coupling g.
Figure 3(b) depicts the results for two emitters with
Ω = 0. The maximum in Eq. (19) is attained for the
states
ρ1,2(0) ≡ ρ±(0) = 1
4
(|+,+〉± |+,−〉± |−,+〉+ |−,−〉)
× (〈+,+| ± 〈+,−| ± 〈−,+|+ 〈−,−|) . (22)
Again, these states have the maximum initial trace dis-
tance of D[ρ1(0), ρ2(0)] = 1 and the highest possi-
ble coherence. The linear g-dependence of the non-
Markovianity N in Fig. 3(a) for a single emitter is
changed to a superlinear one in Fig. 3(b) if the num-
ber of emitters is increased. Again, this behavior can be
traced back to the nonlinear dispersions of the dressed
emitter-cavity states in Fig. 4. Deviations from the lin-
ear relation occur for g & 0.2ω0.
For finite driving the numerical results for the non-
Markovianity N of N = 1 and N = 2 emitters are given
in Fig. 5. Obviously, the results for g > Ω remain un-
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FIG. 5. Non-Markovianity N with drive (Ω = 10−2 ω0) for
(a), (c) N = 1 and (b), (d) N = 2 as functions of the emitter-
cavity coupling g. Panels (c) and (d) give a zoom into the
weak coupling regime. Blue circles depict randomly drawn
pairs of initial states and red crosses mark the initial pair
given by Eq. (21).
changed when they are compared to the situation without
external laser driving in Fig. 3. This is particularly in-
teresting because both, the stationary state in the long-
time limit and the whole system dynamics towards it,
are changed with finite driving amplitude. Nevertheless,
the amount of information flowing between the emitters
and the cavity photons is independent of Ω, showing that
it depends only on the (unchanged) interaction between
emitters and cavity, but not on the system-environment
interaction that is responsible for dissipation.
Comparing Fig. 5 with Fig. 3 we observe an enhanced
non-Markovianity in the regime of strong driving Ω > g.
The origin of this enhancement is the quantum dissi-
pative phase-transition, where the coupled emitter and
cavity modes undergo spontaneous dressed state polar-
ization [31–33]. Above the critical driving strength, the
intracavity field shows a bimodality in phase which is
caused by the intensity-dependent detuning between the
driving field and the transition frequencies of the com-
posite emitter-cavity system (without drive). The oscil-
lations between these bimodal states, which are induced
by the environmental coupling, are responsible for the
enhanced non-Markovianity. Usually, the bimodality is
monitored by the Husimi function, see Fig. 2. Here,
the non-Markovianity N directly measures the informa-
tion flow between emitters and cavity that is related
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∆
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FIG. 6. Non-Markovianity change ∆N as a function of the
emitter-cavity coupling g at fixed Ω = 10−2 ω0 for (a) N = 1
and (b) N = 2.
to the spontaneous transitions between dressed states.
Thus, the non-Markovianity change with increasing driv-
ing strength,
∆N = |NΩ>0 −NΩ=0| , (23)
could serve as an indicator of the quantum dissipative
phase transition. As shown in Fig. 6, ∆N is zero above
and finite below the critical point at Ω = Ng. The small
but finite temperature T = 0.05ω0 used in the numeri-
cal calculation leads to a smooth transition that appears
at a slightly enhanced emitter-cavity coupling strength.
Hence, a finite temperature stabilizes the normal phase
below the critical point.
Conclusions. Our analysis of the non-Markovian dy-
namics of few emitters coupled to a laser-driven cavity
requires the use of Floquet states as the computational
basis. In this way, the regimes of strong emitter-cavity
coupling as well as high field amplitudes of the driving
laser can be studied beyond the rotating-wave approx-
imation. This is particularly important in view of re-
cent experimental advances on strongly driven two-level
systems interacting with a bosonic environment [44, 45].
While the system evolution, for weak coupling to the en-
vironment, is described with a Markovian master equa-
tion, the projection onto the emitter degrees of freedom
yields a non-Markovian dynamical process. Evaluation
of the non-Markovianity thus allows for a quantification
of the information flow between emitters and cavity pho-
tons.
The numerical data for the non-Markovianity provide
strong evidence that its maximum is always attained for
the pair of pure initial states which have the highest
possible trace distance and which have the largest non-
diagonal elements. This result is in accordance with the
mathematical prove presented in Ref. [43] showing that
the states have to be orthogonal and must lie on the
boundary of the space of physical states. Nevertheless,
these two properties are not sufficient to determine the
exact states for more than one emitter. In this sense, our
result, which is explained by the high impact of the co-
herences in the regimes of strong emitter-cavity coupling
and high driving amplitudes, goes beyond the scope of
this prove.
Note that the behavior of the non-Markovianity with
6increasing emitter-cavity coupling strength strongly de-
pends on the number of emitters in the cavity. We find
a linear dependence for a single emitter and a super-
linear one for two emitters. Interestingly, this behav-
ior is independent of the laser driving strength if the
emitter-cavity coupling is large enough. Specifically, we
observe an increased non-Markovianity above the dissipa-
tive quantum phase transition occurring if the laser driv-
ing strength is larger than the emitter-cavity coupling
strength. Thus, the change of the non-Markovianity with
the laser-driving strength can be taken as an indicator of
the phase transition. Theoretically, the advantage of such
an indicator is, that a search for a bimodal Husimi func-
tion is not needed because it is a single real-valued num-
ber. Besides, a lower bound for the non-Markovianity can
already be obtained from a measurement of populations
such that a complete tomographic state reconstruction
is not necessary [42]. Therefore, the non-Markovianity
change will also be feasible for future experimental im-
plementation.
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